This investigation was carried out tofind a concise and meaningfiul way of describing the steam turbine blade and wheel vibration measurements which would enable predictions from 'experimental' to 'production' wheels to be made with known level of confidence. A large volume of vibration measurementsfrom many years of testing was available. For the purpose of this study it was decided to concentrate the analysis on stage six of low-pressure turbine wheels. Two types of wheels, similar in every respect except rootfixation, were used.
INTRODUCTION
All mechanical structures transmit forces. These forces, because of the elasticity of the material, cause deflections in the structure. If the loads vary with time, then the fluctuating movement of the members, because of their mass, gives rise to further forces and additional distortions. Under certain frequency conditions these inertia forces become equal to the structure stiffness reaction and large amplitudes of vibration known as resonance build up. The high stresses which accompany these large amplitudes of vibration may cause sufficient fatigue damage for fracture to result.
In steam turbines, components such as the rotor, disc and blades are designed to perform their main structural duty away from these critical resonances. Most vibration problems in steam turbines have been found to occur in discs and blading.
For the last ten years a feature in the construction of steam turbines has been the marked rise in the unit ratings of machines. In order to handle such enormous quantities of steam in a reasonable number of flows and to control the nozzle impulse frequencies, the design of blading and disc must be within the acceptable range of vibration. This is particularly true of the last row of blades, where the largest heat drop of the steam flowing through the turbine is converted into mechanical energy.
To achieve smooth running of a steam turbine the vibration of the rotor must be controlled. The complex question of vibration includes all the phenomena which one usually associates with 'critical speeds'. The turbine rotor has a whole range of natural frequencies and any periodic force can excite resonance if its frequency coincides with one of them.
* Mr Fmid died shortly after completing this paper. Any correspondence concerning the paper should be addressed to M r M . F To analyse the problem, two types of approach obviously suggest themselves. The first is a theoretical approach. Here it is assumed that the rotor is held rigidly in the bearing so that it can assume a certain inclination at the bearing supports but is unable to move vertically or horizontally and that blades are rigidly supported in the discs, etc. With these assumptions the natural frequencies and critical speeds of the rotor, discs and blade can be calculated. However, in practice, a whole steam turbine is far too complex to conform to such simple assumptions. In spite of the high accuracy found in these calculations, the results frequently show discrepancies with measured values for critical speeds. The second approach is to actually measure the natural frequencies and to analyse the values of these frequencies.
This empirical approach was adopted with satisfactory results. The method, which will be discussed later, is based on using an 'experimental' wheel as a yardstick with which to analyse the 'production' wheels and from which to predict their behaviour under static and dynamic conditions. The reason for adopting this method is financial, since it would be extremely expensive to subject every 'production' wheel to dynamic tests. For this purpose the following measurements are taken :
(a) static blade vibrations for the last stage low-pressure turbine 'experimental' and 'production' wheels; (b) static wheel vibration from zero to eight nodal diameters for all stages for 'experimental' and 'production' wheels; (c) dynamic blade and wheel frequency measurements for all stages, but only for the 'experimental' wheels.
As may be imagined these measurements have provided ample data for description and analysis.
Whenever a large series of empirical measurements are taken, one has the problem of summarizing the data so as to draw appropriate conclusions. The theoretical approach had highlighted the difficulties of finding a mathematical model which would encompass the full complexity of the design. It was therefore decided to analyse the data using suitable statistical techniques, which had not been tried before, and which would enable a comparison between 'experimental' and 'production' wheel measurements to be made, with a known level of confidence.
EMPIRICAL INVESTIGATION
The vibration of steam turbine blades and discs is a matter of considerable practical importance and a considerable volume of literature has accumulated in the last fifty years. The appearance of so many papers on the subject in recent years could possibly be explained by the desire of some authors to justify different methods and to introduce more rigorous and fundamental analysis. Their approach seems broadly to fall into two categories:
(a) mainly theoretical, backed by mathematical models; (b) mainly empirical, based on techniques of measuring the vibrational characteristics of wheels and blades, both statically and at high rotational speeds.
Measurement of vibration frequencies
The problem of excessive vibration is most acute, in the last stage low-pressure turbine wheels. For this reason two types of bladed wheels have been selected for this study. The two types differ mainly in the design and method of root fixation of the blades. For the sake of brevity the two types of design will be referred to as 'machine A, fir-tree root blades' and 'machine B, riveted root blades'. In both cases the reference is to the wheel of the last or sixth stage low-pressure turbine. The typical layout of such a turbine is shown in Fig. 1 and a single double flow rotor can be seen in Fig. 2 . The turbine comprises, an HP rotor of twelve stages, a double flow IP rotor of eight stages and three double flow LP rotors of six stages each side. In Fig. 1 special attention has been called to the six wheels which, starting from the steam inlet, are designated: LP1 steam end, LP1 alternator end, LP2 steam end, LP2 alternator end, LP3 steam end and LP3 alternator end. These six wheels collectively are referred to as one set. The overall diameter of both bladed wheels is 11 ft 4 in. As for other dimensions, they differ in very minor respects owing to the major difference between the two: that of design and method of root fixation. In both types of machines the tips of the blades have been connected by an arch-coverband, at approximately 5 in from the end.
Although the measurements of the vibration frequencies upon which the analysis is based were taken over a number of years, the method and instrumentation was the same throughout.
An 'experimental' wheel is used for each type of machine to establish the correction required to static test results to account for rotational effects. Vibration measurements are also made on 'production' wheels to establish the frequency characteristics and to investigate whether they lie in the same range as those of the 'experimental' wheel.
Proc Instn Mech Engrs Vol 197C A block diagram of the apparatus used for static and dinamic vibration measurements is shown in Fig. 3 . The equipment used is of standard design.
Interpretation of vibration frequency

Static tests
The major interest here is in examining the relationship between static wheel frequencies and nodal diameters. The measured frequencies are studied in relation to the 3000 rev/min impulse line and the likely occurrence of the critical mode can be seen from Fig. 4 . This is so because frequencies are expected to increase under dynamic conditions and those for mode 0 and 4 are already above the impulse line. The frequencies at or above at the fourth nodal diameter, on the other hand, are not likely to rise so far as to meet the line. 
Dynamic tests
For ease of interpretation the results are plotted as F2 against R 2 where F is frequency and R is speed of rotation. This procedure is followed both for wheels and for blades. Figure 5 shows nodal patterns for dynamic wheel frequencies from 2 to 5 nodal diameters. The purpose of plotting measurements in this form is twofold: to use the graph to estimate K , values and to examine whether the major and minor critical speeds occur near the running speed for the machine. 
DISTRIBUTION PARAMETERS OF STEAM TURBINE BLADES AND WHEEL VIBRATION MEASUREMENTS
The design of turbine wheels has received considerable attention. The main design features are the geometry of the blade, the root fixation and end fixation. It was decided to study two types of wheels which differ only in root fixation, and to take data from tests carried out on the two types of machine over some ten years and to subject them to statistical analysis. This would give a more concise picture of the distribution of measurements and could, perhaps, provide useful information for comparative purposes.
(a) a study of static blade vibration measurements for production wheels (sets 1, 2, 3) of machine A (fir-tree root) and production wheels (sets 1, 2, 3, 4) of machine B (riveted root); (b) a study of static wheel mode vibration measurements for the same sets of the above machines; (c) the distribution characteristics of machine A and machine B.
Static blade vibration measurements for three sets of machine A (fir-tree root) were selected for analysis. Each
The analysis took the following form: set consists of six wheels and each wheel contains 96 blades. Needless to say, it is assumed that production wheels meet design criteria within specified tolerances. Since the main concern of the present study was to examine the effect, if any, of different root fixation, it was decided to treat blades as 'identical' and to consider the 96 blade vibration measurements as repeated vibration measurements of the same wheel. The data were therefore subjected to a one-way analysis of variance to test the assumption that there is no difference between wheels. Similarly for machine B vibration measurements for four sets were subjected to analysis. Means, range and standard deviation for each of the wheels are set out in Tables 1 and 2 for machines A and B respectively. If one examines the analysis of variance tables for machine A and machine B respectively (see also Tables 1 and 2), it may be said that the decision to consider blade vibration measurements as repeated measurements on the same wheel was not unjustified. The mean square for the residual source of variance in each case is of a relatively very low magnitude. The value of F , however, indicates that there are statistically significant differences between the wheels of machines 'A' and 'B' respectively. Since Machine 'B' has been in operation for over nine years it does not seem likely that the statistically significant difference found between wheels can be translated directly into a significant difference in engineering terms. It could be argued that the statistical test selected is too refined.
One-way analysis of variance
It was felt that since sets were manufactured in different years, a separate analysis for each set might give an indication of whether the main source of variance was indeed in the production process. If this were so, one would expect the magnitude of the difference to decrease with greater experience in production of a particular design.
The manufacturing order of sets could only be ascertained for machine A. It was set 11, set I followed by set I11 and the values for F obtained from a one-way analysis of variance for each set were: 44.39, 28.80 and 10.21 respectively. While this still represents statistically significant differences for the latest set in order of manufacture, the magnitude of F appears to be in the expected direction. It is worth noting that the actual range of measured static frequencies for differences between wheels corresponding to an F of 10.21 represents only 5 per cent. Such a range is considered quite satisfactory from a production point of view.
In addition to static blade vibration tests each wheel is subjected to static tests treated as a disc. Eight modes are studied, but statistical analysis was carried out o n the results for two to eight nodal diameters only, as 0 and 1 nodal diameters are produced by the hub of the wheel.
From these tests one would expect differences in vibration measurements for each mode. It is assumed, however, that there is no difference between wheels. It is particularly important that there should be consistency
in performance at the fifth nodal diameter mode, because of its importance in the estimation of critical frequencies.
As a first step the static wheel vibration frequencies for machines A and B were analysed by a two-way analysis of variance. Means and standard deviations for each of the eighteen wheels are set out in Table 1 for machine A (fir-tree root). Means and standard deviations for each of the twenty-four wheels are set out in Table 2 for machine B (riveted root). There is a statistically significant difference between wheels for both machine A and machine B. It was considered desirable to study the behaviour for each mode separately. This could only be attempted for machine A as the necessary measurements were not available for machine B.
Two-way analysis of variance
The results of one-way analysis of variance of the static wheel mode vibration frequencies for different nodal diameters are as follows : It can be seen that the difference between wheels appears to be smallest for the fifth mode, although it is statistically significant. However, the percentage difference for actual frequency measurements which give rise to a variation leading to an F of 8.08 are again quite satisfactory from an engineering point of view.
Previously the question asked was whether there was a difference between wheels for the same type of machine. More appropriately, the question should be divided into two parts :
1. Do the production wheels of a particular type of machine belong to the same population as the experimental wheel? (which is used as a yardstick for production of dynamic behaviour).
2.
Is there a statistical test that can be applied to the measurements of any one production wheel to ascertain, with a known level of confidence, whether or not its static vibration measurements belong to the same population as those of the appropriate experimental wheel?
To attempt to answer question (1) above, the average for all production wheels for each type of machine was compared with that for the respective experimental wheel.
H , : that, there is no difference between the grand mean static main blade vibration frequencies for eighteen production wheels for machine A and the mean static main blade vibration frequencies for the experimental wheel for machine A.
Production wheels Experimentul wheels
Grand mean = 178.73 Mean = 175.34 Pooled standard deviation = 2.52 sd 
' <
We can therefore accept the hypothesis that there is no statistically significant difference (at the 0.05 level) between the static blade vibration measurements of production wheels of the same type of machine.
H, : that, there is no difference between the grand mean static main blade vibration frequencies for twenty-four production wheels for machine B and the mean static main blade vibration frequencies for the experimental wheel for machine B.
Production wheels Experimental wheels
Grand mean = 175 24 Mean = 173.90 Pooled standard deviation = 1.11 sd We can therefore accept the hypothesis that there is no statistically significant difference (at the 0.05 level)
between the static main blade vibration measurements of production wheels for machine B and for the experimental wheel of the same type of machine.
The most obvious statistical test that can be applied to the static blade vibration measurements of a production wheel to see if these measurements differ significantly from those of the experimental wheel is a t-test. To apply this it is necessary to tcst for homogeneity of variances. This was done for eighteen wheels of machine A and twenty-four wheels of machine B.
From the results what conclusions might one have drawn, had one applied this statistical test to each production wheel? In the case of machine B, in at least sixteen out of twenty-four wheels one would have concluded (at the 0.02 level) that the vibration measurements come from a population with the same variance as that of the experimental wheel, and one could proceed to a t-test to establish similarity of means.
For machine A the same conclusions and procedure would apply for seven out of eighteen wheels. This statistical test might therefore have 'rejected' nineteen wheels as not meeting the criteria of having static blade vibration measurements which have the same distribution parameters as the experimental wheel. Since the data analysed represent historical information it is known that in practice it has not been necessary to reject any of these wheels on technical grounds. The reason for this is that even for the case where the ratio between the two variances is 9 to 1 this represents a very small percentage difference when expressed in Hz. The means for this case are 174.60 Hz and 175.34 Hz for the production and experimental wheels respectively, and the standard deviations 9.69 Hz and 3.25 Hz. If one examines the figures in Table 1 it can be seen that the magnitude of the standard deviation for this wheel (set I wheel No. 3) is due to the value of the lower limit of the range of measurements being rather low when compared with other wheels.
As has already been stated these low frequency measurements rise under dynamic conditions. One might say that it is not necessary to reject wheels on technical grounds when the measurements do not show homogeneity of variance with those of the experimental wheel, providing the number of blades giving low readings is small.
Another way of interpreting the results might be to ask: if the vibration frequencies for a particular wheel have a mean of approximately 175 Hz and a standard deviation of 9 Hz (one of the largest standard deviations found), what is the probability of obtaining a frequency measurement of, say, less than 160 Hz or any value which might be considered 'low'? From the area under the normal probability distribution it can be found that: 160 -175 9 = -1.66 has an area of 0.95 z =
The probability of obtaining a measurement of 160 Hz or less is therefore 0.05. In other words, such measurement might be obtained for five out of 100 blades.
THE USE OF EXPERIMENTAL WHEEL MEASUREMENTS FOR PREDICTIVE PURPOSES
The usual practice is to use an experimental wheel as a yardstick against which to test production wheels of the same type. Static and dynamic measurements are taken.
These are recorded in tabular and graphical form and discussed in reports. Judgement about the consistency or otherwise of measurements is based upon inspection of the graph and comparison of the range or spread of measurements. The interpretation of graphical results and of the range or percentage spread of a large number of measurements does not appear to reflect the accuracy demanded of the measures themselves.
It was therefore decided to attempt a statistical analysis of the data to see whether the more concise and precise statement of comparisons arrived at in this way was in line with engineering 'experience' built up over the last forty years.
The analysis took three main forms:
Tests of the measurements on the 'experimental' wheel to see if its use as a yardstick is justified. Analysis of measurements on 'production' wheels where engineering judgement had been made to see if statistical tests produce results in line with such judgements. Verification of the 'rule' used to estimate the fundamental tangential frequency at running speed.
As previously mentioned two types of machines, type and type B have been used throughout.
For (1) Since t < to o 5 on a two-tailed test we can accept the hypothesis ( H 0 J that there is no statistically significant difference at the 0.05 level between fundamental tangential blade frequencies measured before and after dynamic test. When the comparisons were made only on the data it was found that the range of frequencies had increased from 11.8 per cent while new, to 20.30 per cent just after dynamic test. Two weeks later the range was found to be 17.8 per cent. Experienced engineers were able to explain such variations in terms of expected temperature changes and changes in the stresses set up between different groups of blades because of the stationary position of the huge wheel. However, the statistical analysis reported above allows one to state, with a known level of confidence. that the 'experimental' wheel can still be used as a yardstick even after being subjected to both a dynamic test and a period of storage.
Two production wheels which had been tested statically six months earlier were still in storage, awaiting installation. It was, therefore, decided to measure the fundamental tangential blade frequencies again and it was hypothesized : H , , : that, there is no difference between the measurements of Q IMechE June 1983 static blade fundamental tangential frequencies of production wheels 1 and 2 for machine A (last stage) when new and taken after a period of storage lasting six months. Since t > to,,, on a two-tailed test we reject the hypothesis ( H o z ) that there is no statistically significant difference at the 0.05 level between fundamental tangential blade frequencies measured new just after manufacture and six months later for wheel 2.
While the hypothesis can be accepted for wheel 1, it must be rejected for wheel 2, since t > to,,, .
After these findings were known, engineers from production personnel suggested that the difference found for wheel 2 is not merely a statistical one, but may be due to the fact that inappropriate spacers had been fitted, which may have resulted in a settling of the root fixation during the storage period, which would account for the increase on average, of the fundamental tangential blade frequencies measured on the second occasion.
After running in service for some nine years, it was necessary to check a machine type B riveted root of 120 MW for erosion and necessary blade check. The opportunity was taken to measure the fundamental tangential blade static frequencies of one of the last stages before it was repaired to show how they had been changed by service running and by the erosion damage which had occurred. Frequency measurements were made in the usual way on each blade of the wheel by impact and the results were compared with those of the blades in new condition.
For df = 95, to,,, = 1.99
The following hypothesis was tested : For df = 108, to,,, = 1.98
Fig. 6 Erosion damaged blade
Since t > to,,, on a two-tailed test we reject the hypothesis (HO3) that there is no statistically significant difference at the 0.05 level between fundamental tangential blade frequencies taken when new and after nine years. An examination of the blades before second measurements were taken showed substantial corrosion (see Fig.  6 ). This might lead to a prediction of a decrease in fundamental tangential blade frequency measurements. This was indeed the case. However, the small magnitude of the changes can be interpreted as meaning that the wheel had stood up very well to service conditions. The effect of service running is clearly to reduce the range of frequencies; the measured change is from 2.9 to 1.90 per cent. Service running is expected to cause filling of root clearances by oxide and other deposits and to raise frequencies, while the wearing away of part of blades by erosion damage is expected to drop blade frequency.
Statistical analysis shows that it is a 'different' wheel and therefore some of the operating constraints may no longer hold.
DYNAMIC MEASUREMENTS
It can be seen that the main object of vibration tests carried out on blades and wheels is to predict their performance under running conditions. More specifically, this means being able to say that at running speed the excitation frequencies do not occur within a range of critical frequencies.
While each production wheel is subjected to a static test, dynamic tests are not usually carried out on production wheels. It is therefore necessary to study the behaviour of experimental wheels under dynamic conditions and to use the findings to predict the behaviour of production wheels under similar conditions. When a turbine wheel rotates, blade fixations change and there is a general stiffening effect on the whole assembly. It may be shown theoretically that, considering the blade stiffness alone, the relation between frequency FR(c/s) at speed R (rev/s) and static frequency F,(c/s) is given by the relation, F i = F i + K , R Z where K. is a rotational parameter.
A plot of F2 against R 2 for machine A (fir-tree root) experimental wheel gives a K , value K , = ( F i -F i ) / 2500 at running speed. K , thus represents the slope of a straight line on FZ-R2 graph joining the static fre- quency to the frequency at 50 revjs: i.e., running speed of the machine. The most important phase of the method of using dynamic measurements on experimental wheels for the purpose of predicting critical speeds of production rotors is the selection of the most appropriate K , value.
The problem then consists in selecting the most appropriate combination of K , value and static blade frequency to estimate the dynamic frequency at running speed. Possible combinations are :
(a) highest static frequency and lowest K , value, (b) highest static frequency and highest K , value, (c) lowest static frequency and highest K , value, (d) lowest static frequency and lowest K , value.
The most appropriate combination could be defined as that which produced estimates of frequencies at running speed which did not differ significantly from actual measurements at the same speed. The usual practice, which is based on observation of the range of critical speeds estimated from various combinations, suggests that the most appropriate combination results from selecting either highest static frequency and lowest K , value or lowest static frequency and highest K , value. One might therefore hypothesize that: H,, : that, for either of the above combinations there will be no difference between estimated and measured frequencies at running speed and H,, : that, for combination of lowest static frequency and lowest K , value, or highest static frequency, highest K , value, there is a difference between estimated and measured frequencies at running speed.
To test H,, based on estimated highest frequency and lowest K,:
Mean X1 = 220.95 X, = 221.10 F = 1.06 sdl = 1.86 sd2 = 1.80 (not significant) We can, therefore, accept the hypothesis (Hod) that a combination of highest frequency and lowest K , values or lowest frequency and highest K , values will result in accurate estimate of dynamic frequencies at running speed.
To test H,, based on estimated high frequency and highest K , value: Since F > F0.05 the two ,samples of measurement come from different populations and the assumptions underlying the t-test are not met.
The results show that in all four cases it is possible to accept H o 5 . This finding gives added confidence to the usefulness of the usual practice of estimating frequencies at running speed.
GENERAL CONCLUSIONS
The overall results suggest that the application of statistical techniques to the analysis of vibration measurements could make a valuable contribution to a very complex and expensive procedure. However, in the two areas of greatest practical importance the comparison of production and experimental wheels in static tests and the estimates of dynamic measurements, the results of the statistical analysis give added confidence to current practice and suggest a more precise definition of procedure.
